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Abstract 

We consider a holographic set-up where relativistic invariance is broken by a chemical 
potential, and a non-abelian internal symmetry is broken spontaneously. We use the tool 
of holographic renormalization in order to infer what can be learned purely by analytic 
boundary considerations. We hnd that the expected Ward identities are correctly repro¬ 
duced. In particular, we obtain the identity which implies the non-commutation of a 
pair of broken charges, which leads to the presence of Goldstone bosons with quadratic 
dispersion relations. 
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1 Introduction 

Goldstone’s theorem has been originally proved in a Lorentz-invariant formulation. Its 
extension to non-relativistic settings is not straightforward and raises a problem of count¬ 
ing, as it was quite soon realized [^: the number of massless modes does not match 
the number of broken generators in this context, and moreover the dispersion relation 
of non-relativistic Goldstone bosons is not any more constrained to be linear and with 
constant of proportionality fixed to the speed of light, as in the Lorentz-invariant case. 
Non-relativistic set-ups occur quite often in condensed matter physics, but the issue of 
the generalization of Goldstone’s theorem to these set-ups has obviously great theoretical 
interest and only recently some main developments have been achieved in its understand¬ 
ing [2]-[^ . The occurrence of Goldstone bosons with quadratic dispersion relation has been 
related to the presence of pairs of broken generators whose commutator has a non-trivial 
vacuum expectation value (VEV), which is forbidden in the case of Lorentz invariance. 
Such Goldstone bosons with quadratic dispersion relations are usually accompanied by a 
massive partner whose mass is proportional to the amount of Lorentz breaking. Eventu¬ 
ally, there can still be massless particles which have linear dispersion relations, as in the 
relativistic case, but with a model dependent velocity. 

The aim of this note is to explore in a holographic set-up |6]-[^ what can be learned 
on these different kinds of light modes. In particular, we will focus on what can be 
extracted a priori in a given model, i.e. just by specifying how the symmetries are 
broken. The holographic model is supposed to represent a theory with a large number 
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of degrees of freedom and at strong conpling, which displays a pattern of symmetry 
breaking allowing for the varions types of Goldstone bosons to be present. We will stndy 
a model with the minimal reqnirements in order to expect all these light modes, namely 
a U (2) global symmetry which will be spontaneonsly broken, with a sonrce for the time- 
like component of the abelian U{1) cnrrent, i.e. a chemical potential, which explicitly 
breaks boost invariance (bnt preserves U{2)). This model has been previonsly considered 
in (^, where the system was set at hnite temperatnre and nnmerical techniqnes were 


essentially employed to analyze it (see also 10 for a different holographic model). We 
will rather consider the model at zero temperatnre, in analogy with the original held theory 


model presented in 11,12 , and perform a pnrely bonndary analysis throngh analytical 
techniqnes. 

" ' in 


For this aim we will employ the techniqne of holographic renormalization 13,14 


order to dednce the presence of snch Goldstone bosons pnrely by symmetry argnments. In 


practical terms, the Ward identities for broken symmetries 15 establish the existence of 
massless modes generated by the broken cnrrents. Moreover in the non-relativistic case, 
when commntators of broken generators have VEVs, it can be shown that some of these 
massless modes mnst have qnadratic dispersion relations 16 . By carefnlly performing 


the procednre of obtaining the renormalized action of the holographic model, we will 
show that snch Ward identities are exactly reprodnced. Unfortnnately, this is all we can 
extract from a pnrely bonndary analysis. This allows ns to determine the existence of 
different type of Goldstone bosons and to establish if their dispersion relation is either 
linear {oj = Cgk, with “sonnd” velocity) or qnadratic {oj = ^, with M a parameter with 
the dimensions of a mass), bnt the exact valnes of the constant factors Cg and M remain 
nndetermined. In order to explicitly derive the dispersion relations and qnantitatively 
determine these factors, an analysis of bnlk flnctnations is reqnired, similarly as it is 
necessary in order to determine the gap towards the massive excitations. 

The note is strnctnred as follows. We hrst present the holographic model and derive 
the renormalized action. Then by paying attention to gange invariance, we extract the 
relevant correlators and hnd that they satisfy the expected Ward identities. We end by 
commenting on how to go beyond. In the appendices, we consider an alternative gange 
hxing of the holographic model, and we show in the held theory model of 11,1^ how the 


non-local parts of the correlators, which can be explicitly compnted, conspire to satisfy 
the same Ward identities, while yielding the expected dispersion relations. 
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2 A holographic model for non-relativistic symmetry 
breaking 

We now outline the model discussed in |^. This is a typically strongly coupled theory 
represented by its holographic dual. We will assume that the theory has a non-trivial UV 
conformal hxed point. In this UV CFT, we will focus on the conserved currents Jf which 
form a U{2) algebra, and on a relevant operator which is a doublet of U{2). In the 
holographic dual, this means that we need to have a bulk theory in an asymptotically 
AdS spacetime, which includes dynamical U{2) gauge helds and a complex doublet scalar 
with negative squared mass. Since we are not interested in computations involving the 
stress energy tensor, we set gravity in the bulk not to be dynamical. We thus consider 
the following bulk action, where for simplicity we choose four bulk dimensions (and hence 
three dimensions for the boundary theory) 

^buik = j d^x^g , (2.1) 

where and The held T = 

is a complex scalar doublet, while T“, with a = {0,1,2,3}, are the generators of U{2) in 
the fundamental representation, namely T° = ^1 and T“ = otherwise, with r“ the 
Pauli matrices, and they satisfy [T“,T^] = with = 0 if any of the indices is 0 

or otherwise. 

The metric is hxed to be the AdS one, dehned by 

ds^ = —{gijdxidxj + dz^) , ( 2 . 2 ) 

where rjij is the mostly-plus Minkowski metric. Note that since this is pure AdS, on 
the held theory side it corresponds to considering zero temperature, in contrast with the 
analysis of where a non-zero temperature was always required. 

We will not consider any back-reaction on the metric. This is motivated by the fact 
that we will in any case restrict our attention to the near-boundary region, where back- 
reaction ehects can be shown to be sub-leading and actually completely irrelevant to our 
considerations. 

Let us hrst consider the held conhguration dehning the background, and thus the 
vacuum of the dual theory. First of all, as anticipated, the theory is non-relativistic 
'^We argue later that the choice of higher dimensions should not qualitatively modify our results. 
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because boost invariance is broken by the presence of a chemical potential, £qft ^ ■ 

This means that there should be a non-trivial source for J°, namely should have a 
leading mode turned on. This source breaks Lorentz invariance, but preserves all of U{2) 
since the U{1) generator commutes with all the algebra. In the vacuum of the theory, 
we expect that non-trivial dynamics generates VEVs for the operator O^, thus breaking 
17(2) to 17(1). For simplicity we will take this 17(1) to be the one generated by T° -|- T^. 
The unbroken symmetries allow for VEVs to be generated also for and J^. The latter 
is crucial for obtaining VEVs for commutators of charges, and thus for the appearance 
of Goldstone bosons with quadratic dispersion relations. In the bulk, we will thus have 
sub-leading modes for the prohles of A^ and for T in its bottom component. 

From now on, we £x the dimension of to be two, which implies = —2 (in units 
of the AdS radius). The background prohles are thus the following: 

0| =4>z^, A°| =ij, + A^z, A^l =A^z, (2.3) 

where we take 0, fi, A^ and A^ to be real constants, and all the other helds vanish. 
These prohles satisfy the free equations of motion. As with the metric, the back-reaction 
of the above prohles on each other can be safely neglected]^ Strictly speaking, without 
backreaction the leading and subleading modes can be chosen independently. In particular 
^0,3 depend on /i, which could be even set to zero. However this would mean that 

some physical mechanism should generate spontaneously a Lorentz breaking VEV such 
as (Jf). In the following we will rather assume that /i 7^ 0 even if it is not technically 
necessary. 

We now proceed to huctuate the helds over the background. The aim is to obtain the 
on-shell action up to quadratic order, since we will be interested in two- and one-point 
functions. At this order, the on-shell action reduces to a boundary term. In the following, 
we hx as usual the axial gauge A“ = 0. The linearized equations of motion are the 
following (we use the notation i = {t,x,y} and u = {x,y}, and we label the huctuations 
above the background in the same way as the held itself). The constraint coming from 
the variation with respect to A“ reads: 

zdAAt - zA^f-^ {A\ - zd,A\) - ^0(T“)2 i( 2A - zd,\) 

+ z 0 (T“)i 2 (2At - zd,\^) - #(T“)22 (2(0 - 0t) - zd,(cl> - 0t)) = 0 . (2.4) 

^The backreaction would intervene at 0{z'^) in 0 and at 0{z^) in 4.0^, hence at orders that do not 
contribute to the rest of our computations. 
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The equations of motion for the vector held huctuations, separated in temporal and spatial 
components, are 


z^dlA1+z‘^dlA<i - z'^dtduAl + z^P^^A^d^A^ 

+ iz^ - {T-)2idt\ - {T^)22dM - 0^)] 

-z\^Ji + A^Z)^ [(T“)2iA + (T“)i2At + (T“)22(0 + 0^)] 

- z^A^ [{T“, T^UX + {T“, T3}i2At + {T“, T^}^2{4> + 0^)] 
-/0%HT“,T'}22 = 0 , (2.5) 


z^dlAl+z‘^d‘^Al - z^d^d.AI + 2z^A^dtA\^ - z^P^^A^d^A^ - z^A^fp'^^f^^A 


+ iz^ [(T“)i2a„At - (T“)2ia„A - (T“)22a„(0 - 0^)] 

-zVaI!:{T“,T'}22 = 0 . (2.6) 


Finally, the equations for the scalar huctuations are 

z^dlX-2zd,X + z^d^X + 2X- iz^^{T^)u^^A^ 

+ iz'^ifi + A^z + A^z)dtX + + A^zfX 

+ /(/i + A°^)0(T“)i2Al“ = O , (2.7) 

z‘^d‘^(j)-2zd:,(j) + z'^dfcj) + 20 - i2;'‘0(T“)229*^4“ 

+ iz‘^{fi + A'^z - A^z)dt(j) + + A^z - A^zfcj) 

+ z\fi + A^z)^{T^)22A^ + z^A^^{T% T^}22A1 = 0 . (2.8) 


The last two equations should be supplemented by their complex conjugates. 


The on-shell action is obtained expanding (2.1) up to quadratic order in the huctua¬ 
tions, and then substituting the equations of motion, possibly integrating by parts. 

At the regularizing surface z = e, we obtain 


‘S'reg = - 


£x \ A0A«, + A’A? - + 4,') + \A‘a,A1 -\a‘AAI 


- ^ (A'a.A + A8,A' + 4*dA + ipdA*) 


(2,9) 


At this point, we note that the quadratic terms are exactly the same that would arise 
in a conhguration with vanishing backgrounds. The presence of non-trivial backgrounds 
must then show up when expanding the huctuations near the boundary as powers of z. 
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There is however one more substitution that we can make, that makes the dependence 
on the background manifest even before expanding the fluctuations. We can indeed also 


substitute the equation (2.4) which only has hrst order derivatives in z. However in order 
to perform the substitution we also have to split the vector into its irreducible components. 
We choose here to split into transverse and longitudinal parts with respect to the spatial 
coordinates u. Thus we keep as the temporal component, while we split|^ 


a: = Al^ + d^A 


La 


= 0 


( 2 . 10 ) 


We eventually arrive at 


Sreg = 


d>x \ A«a« + A^aI - -J(4, + + ^A'la.At - 


+ A‘-'‘d,d,A; + - zd,A 




+ L^A^a [(T“)2i(2A - Zd,\) - (T“)i2(2At - zd,\^) 
+ (T“)22(20 - 2ct)^ - zd^cj) + zd^cf)^)] 




( 2 . 11 ) 


We now consider the near-boundary expansion of the fluctuating fields: 


— ^t(0) + + ■ • • 

= ^1(0) + ^{i)^ + • • • 

j^La ^ ^ ^ _ 

= -^(0)^ + + . . . 

0 = 0 ( 0 )^ + ‘P{i)Z^ + ... ( 2 - 12 ) 

Note that all the modes with (q) subscript are the ones which are usually considered as 
sources, while all the ones with (i) subscript coincide with the independent sub-leading 
modes, to be identified with the VEVs of the fluctuations. The latter occur at the next- 
to-leading order in the z expansion because of the fact that we are considering conserved 
currents and an operator of dimension 2 in a three-dimensional boundary theory. 

The divergent terms that one finds in S'reg are taken care of by adding counter-terms, 
which are independent of the presence of the profile. Again, due to the involved dimen- 

^In Appendix A we discuss a different splitting, where the transverse and longitudinal parts are taken 
with respect to the spacetime coordinates i. 
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sions, no finite counter-terms arise and hence no scheme dependence]^ Eventually, the 
renormalized action is the following: 


Sren — - I d'^X v4‘^v4“(o) + + 0(o)) + ~ 


^ Ft /1“ ^ /l3 fafeS ALa Ah 

I La 


(O)^t(O) 

t 


+ 2 ^^{ 0 ) (^“)2iA(0) - (E“)i2A(qj (T“)22(0(O) ” 0(o)) 


(2.13) 


The hrst three terms of the above functional, linear in the fluctuations, just give us 
the VEVs of the associated operators J°, Jf and ReC></,. The other terms, quadratic 
in the fluctuations, contain in principle all the information about two-point functions. 
However, this information is encoded in the way the sub-leading modes with (i) subscript 
depend on the sources with (o) subscript. This dependence is fixed through the bulk 
boundary conditions (generically, asking regularity) and is typically non-local, since it 
requires solving the equations for the fluctuations inside the bulk. We now turn to see 
what can be extracted from Sj-en without solving the bulk equations of motion. 


3 Ward identities from the renormalized action 


A brief inspection of S^en in (2.13) shows that there are two kinds of quadratic terms: those 
which are bilinears of a source and a VEV of the fluctuations and those which involve 
only sources. All the latter ones are proportional to a VEV of the non-trivial background 
we have chosen, thus they would not be present in a model with trivial profiles and only 
the former ones would survive. Nonetheless it turns out that terms of the second kind are 
also hidden into terms of the hrst kind, because of gauge invariance. 


Consider indeed the bulk gauge invariance of the action (2.1), for which (5T = iaT 
and SAfj, = d^a + i[a, A^. Because of the gauge hxing A“ = 0, the gauge parameter does 
not depend on z. It is then easy to see how the residual gauge transformations act on 


^If we had considered an operator of dimension 3 in a four-dimensional boundary theory, for instance, 
we would have logarithmical terms in the expansions of the fluctuations which would lead to a logarith- 
mical divergence in the regularized action. The renormalization of the logarithmical terms carries along 
finite counter-terms, that would be scheme-dependent. However, as it should be clear in the following, 
this ambiguity would not affect the terms we are interested in. 
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each mode in the expansions (2.12). Recalling further that we are only interested in the 
quadratic part of the action, we neglect terms in the gauge variations which are bilinear 
in the gauge parameter and the mode of the fluctuation. We are then left with: 


(5A(o) — 0 , 

<5A(i) = 

m“(T“)i20 , 

(50(0) = 0 , 

50(1) = 

*«“(T“)220 , 

<5Al/(o) = dta^ , 

^24^(1) 

= -r'^^a^A 

= 0 ) 


= 0, 

(fAf/) = , 

^A\^) 

= 0 . 


After solving the bulk equations of motion for the fluctuations, the sub-leading modes <h(i) 
will be expressed in terms of non-local functions of the sources *h(o)- However, in order 
to solve the equations, we would have to impose boundary conditions in the bulk and, to 
preserve the gauge symmetry, we should take care of imposing them on gauge-invariant 
combinations of the helds. So we have to consider only gauge-invariant combinations of 
both the sources and the sub-leading modes, as for instance 

A,1) - . (3-2) 

for the VEVs and 

A(o) ~ ) (3-3) 

for the sources. 

We are now allowed to assume the general relations between VEVs and sources: 

A(p = + /(a)A(o) + - ^^4)) ’ 

0(1) = *0(^“)22H^O) + 5'(0)0(O) + - 0i^fo)) ) 

^“(1) = 

+ k\d)\o) + r(0)0(o) + , 

Airri) = , (3.4) 

where all the functions of d collectively indicate expressions that are typically non-local 
in space and/or time derivatives, and that cannot be determined without solving the 
equations in the bulk. However, we will see that in some combinations of the correlators 
the dependence on these unknown functions drops out. 



We can now rewrite S'ren eliminating all the VEVs, nsing the expressions above: 


^ren — - I d'^X ~ 20((/)(o) + (/>L) - - (8) A. 


( 0 ); 






(0)y 


- -AV“'’^(2A“(0) - a,Afo'5)A“ 

+ #^fo) (^“)2iA(0) - (T“)i2AL + (T“)22(0(O) ” ^L) 


5 ^!„,(/(S) + /( 3 )*)A( 0 ) - l4>U{g(d) + J( 5 )*)^,„) 


2 (0) 
1 


2 

1 

'2 L 


A;o)(r( 5 ) + + \o){ndr + k\d)) - d,A 


H(0) 


^(0)) 


0;o)((^“(5) + ^“(5)*) + ho){r{dr + r(a)) (A,%) - a,A 


I La > 

ho). 


(3.5) 


This is the generating fnnctional for the one- and two-point fnnctions in onr theory]^ The 
precise relations between sonrces of operators in the bonndary theory and modes of bnlk 
flnctnations are the following. For the scalar operators we have 


'dAdS 


d^x (A(o)Oa + 0(o)C^<^ + c.c.) , 


(3.6) 


while for the cnrrents 


'dAdS 


dV J? - + A^s^d^Ji) , 


(3.7) 


SO that A^^q) sonrces the pnrely transverse part of J“ while A^q“ its longitndinal piece. 

Some two-point fnnctions will be entirely determined by their non-local part, for in¬ 
stance those with two transverse cnrrents or two scalar operators, and we will have nothing 
to say abont them since we do not solve the bnlk eqnations. On the other hand, we see 
from the hnal expression of onr generating fnnctional S’ren that some other two-point 
fnnctions might be directly determined by onr analysis. It shonld be the case for two- 
point fnnctions involving the temporal and longitndinal components of the cnrrents, both 
among themselves or mixed with scalar operators. Indeed, local constant terms involving 


the sonrces of these operators appear in (3.5). 


®Note that the scheme-ambiguity which would arise in higher dimensions would be contained in the 
possibility to redefine the non-local functions in the above expression. 
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Let us list here a number of such correlators: 


{duJ:{x)dX{y)) 

{Jt{x)OM) 

{duJ:{x) 0 ^{y)) 

{d^j:{x) 0 ^{y)) 


5‘^Sr, 


—i 


{y) = ih^^{d)5\x -y) , 


r2 c 


—% 


= -i [;i“*(a)a, + yiV"”] - y ), 


(3.8) 

(3.9) 


'*'4)‘,„,(I)M“(J/) 

['‘“‘(9)9? + '4V“‘=9.] S^x - y) , (3.10) 


—i 


—i 


—i 


—i 


=-Lr(9)- + r(9))i3(x-!,) , 


^^mW\o){.y) 

Mj)“(a;)5A(o)(2/) 

M“o)(a))(5(^(o)(l/) 

^2 C 
^ *-^ren 

Mg5(x)50(o)(2/) 


= i 


-H /“(9)*+*:“(9) Si + i.#'(n2i 


(3,11) 


S^{x-y) , 
(3.12) 


= -^(9“(9)* + (“(a))i='(a:-9), (3.13) 


= I 


--(9\dy + r{d)]d, + i^{T^)22 


5'^{x-y) . 
(3.14) 


We thus immediately see that some combinations are given entirely by the constant terms, 
or trivially vanish: 


-{d,Jt{x)XM) + (d„j;(x)4(y)} = -iA^r'-^SHx - y) , (3,15) 

-{d, 4 {x)d^ 4 {y)) + {duJ‘{x)d„4.(y)) = 0 . (3.16) 

-{d,4{x)0,{y)} + {a„J„“(i)0,(9)) = -UT^'hiSHx - y) . (3.17) 

-{d,4(x)04y)) + {a„4{x)0A(y)) = -UT‘'h 26 Hx - y) . (3.18) 


These are of course nothing else than the Ward identities relating the two-point functions 
of currents associated to broken generators, to the VEVs of the operators that break the 


symmetry. In particular, the relations (3.17) and (3.18) are the usual identities relating 
the two-point function of the divergence of a conserved current and a scalar operator to 
the symmetry breaking VEV of the operator. This kind of Ward identity has been already 
realized holographically, see e.g. 13,^ (and more recently also [It]). 

Of more interest is the identity (3.15), which is non-trivial due to the fact that we allow 
the temporal component of a current {Jf here) to have a non-trivial VEV. We assume 
that this Lorentz symmetry breaking VEV is permitted by the presence of a chemical 
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potential, though in our holographic set-up this is not technically necessary (indeed fi 
does not explicitly appear anywhere in the above expressions). In addition, note that the 


identity (3.16) is consistently trivial since the spatial (longitudinal) components of the 
same current cannot get a VEV, because that would violate the invariance under spatial 
rotations. 

The above Ward identities imply the presence of Goldstone bosons, i.e. of massless 


modes in the spectrum. More precisely, we see that in order to satisfy the identities (3.15 )- 
(3.18), the Fourier transformed correlators k), {J^O\){u, k) and the similar ones 

must be singular when the energy u and the momentum ku go to zero. Indeed, in Fourier 


space (3.15) reads 

- J?) + ■!*;.{. (3.19) 

We thus deduce the presence of massless poles in all of these correlators. This additional 
Ward identity, which dehnes [3] type B Goldstone bosons, requires the dispersion relation 


to be quadratic 16 , with the following argument. 

In the Lorentz invariant case, the dispersion relation of a Goldstone boson is trivially 


determined from a Ward identity similar to (|3.17|) and (|3.18|), giving 

{JiO) oc 


ki 


(3.20) 


-kl' 

In lack of Lorentz invariance, we have to consider two different situations, one in which 
time-reversal invariance is preserved and one in which it is broken. When it is preserved. 


for small values of oj and ku we can admit: 




Tu 




clk'^ 


{JuO)c:i 


Uku 






while when it is broken, we can have 


Mu-k^ 


{JuO)^ 


Uku 


Mu-k^ ’ 


(3.21) 


(3.22) 


where T, T, U, Cg and M are constants. Note now that (3.19) breaks time-reversal 
invariance for the currents J/ and Jf, and actually requires T 7 ^ 0 as it was proved 
. This implies that (3.15) and (3.17) lead to quadratic dispersion relations, a; ~ 


m 


16 


with M = T/(j). On the other hand for the Goldstone boson contributing to (3.18), 
which is of type A [^, the time-reversal invariance is still preserved and the dispersion 
relation is linear (assuming U has a hnite limit for vanishing momentum), but with velocity 
depending on the ratio U/T = c^. 
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Without specifying the unknown non-local functions h°'^{d), /“(9), etc., we cannot 
go further and, for instance, hnd the exact expression for T, T, U for all the massless 
(and light) excitations. In the present model this is of course in principle possible (see 
for a hnite temperature analysis), but would imply solving the equations of motion for 
the fluctuations in the bulk. This in turn would necessitate to find the back-reacted 
geometry. The point in the present note was to exploit to its limits the technique of 
holographic renormalization, i.e. to extract the maximal information on the system purely 
from boundary considerations. Perhaps not unexpectedly, we found exactly the same 
information that can be gathered from Ward identities that apply to the system. 

In Appendix B we compute the same correlators in the held theoretical toy model 
of |H, 12 , where both the local and the non-local parts of the correlators can be made 
explicit. 


4 Conclusions and perspectives 

We set out to compute two-point correlators through holographic renormalization, in a 
strongly coupled held theory model with a global U (2) symmetry, where a chemical poten¬ 
tial breaks explicitly boost invariance. We studied the consequences of the spontaneous 
breaking of U{2) to U{1). Because of the broken Lorentz symmetry, not only scalar op¬ 
erators are allowed to acquire symmetry breaking VEVs, but also temporal components 
of conserved currents. 

We have obtained the general form of the renormalized action up to quadratic order, 
that is the generating functional for one- and two-point correlation functions. In this 
expression, we have kept implicit the non-local functions that are established by imposing 
regularity conditions of the huctuations in the deep bulk. Nevertheless, we were able to 
extract information on the light spectrum by showing that some linear combinations of the 
correlators are completely determined by local terms, and actually realize holographically 
the Ward identities associated to the broken symmetries. 

We have thus established that the system must have Goldstone excitations associated 
to the three broken generators. However, since we have also shown that Jf, and thus 
Q^, has a VEV, we observe that we are exactly in a situation where so-called type B 
Goldstone bosons arise, i.e. when the commutator of two charges has a non-vanishing 
VEV. Here, we have that ([Q^, Q^]) ^ 0, so that only one massless excitation is associated 
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to these two broken charges. Furthermore, we have given an argument for this massless 
excitation to have quadratic dispersion relation. The remaining broken generator 
is not involved in commutators with non-trivial VEVs, and hence gives rise to a type A 
Goldstone boson, which in this case is expected to have a linear dispersion relation, but 
with a velocity smaller than c that would be determined by the explicit expressions of the 
non-local parts of the correlators. Moreover, we expect the type B Goldstone boson to 
be accompanied by an almost Goldstone boson, i.e. a light mode whose mass is related to 
the coefficient of the quadratic dispersion relation of its partner [^. 

We stress once more that in order to obtain quantitive results on all these dispersion 
relations, we have to compute the non-local functions that we have left unspecihed in 


(3.4). The poles in these functions will give us the dispersion relations of the massless 
modes, together with all the rest of the massive spectrum. In order to do that, we would 
need hrst to have a background which is reliable down to the deep bulk. Performing the 
back-reaction, also on the metric, would then be necessary. One should be warned though 
that in the present zero-temperature set-up, that would most inevitably lead to a singular 
geometry. That should however not prevent us from imposing boundary conditions in the 
form of boundedness of the fluctuations. Any other stratagem to avoid the singularity 
would introduce a new scale to the problem, as for instance a hnite temperature. That 
has been done in [^, where however the back-reaction is not studied, thus limiting the 
analysis to situations where the temperature and the chemical potential are roughly at 
the same scale. 

Gonsidering hnally generalizations, it is obviously rather straightforward to generalize 
our discussion to higher dimensions. It would be interesting to investigate, in a fully 
back-reacted model, at zero or non-zero temperature, also correlators involving the stress- 
energy tensor, and possibly in supersymmetric extensions of such models, whether also the 


dispersion relations of the Goldstino can be modihed, extending the analysis of 18,19 
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A Alternative splitting of the vector degrees of free¬ 
dom 


In this Appendix we perform, for completeness, a different splitting of the vector degrees 


of freedom. Instead of (2.10), we will split the vector into transverse and longitndinal 


parts with respect to all spacetime components: 

A“ = + 9*0^“, 


= 0 


The regnlarized action (2.9) then reads, after the snbstitntions 


Sveg = 


AX X 
1 


^ 0(0 + 0 ^) - 


+ -A'^/““a^“(a/ * — zdztti * + dta^ — zd^dta 


Lb\ 


+ ^0 [(T“)2i(2A - zdA) - (T“)i2(2At - zd^^) 

+ (^'*)22(20 — 20^ — zdz4> + zdz4>^)^ 


2^2 

The near bonndary expansions of the vector helds are now 


— «i(0) + • 

+ afX + ... 


and the renormalized action reads 

C _ / ^3^ J aO„TO I a3^T3 

*- 2 rf=>n — 


d x<A a,(o) + A a,(o) - 20(0(o) + 0jo)) - -ai(o)aia) 


+ 2 ^V““aS))Ko) + 0 Xo)) 


20 «fo) 

1 


(T“)2iA(0) - (T“)i2A{o) + (T“)22(0(O) - 0;o)) 


F X(o)-^{i) + •^(o)-^(i) + 0(o)0(i) + 0(o)0(i) 


(A.l) 


“TT + 0^0^0 + 00^0^) 


(A.2) 


(A.3) 


(A.4) 
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The residual gauge transformations act on the transverse and longitudinal modes as: 

dtdi 


= 0 , 








a 




i( 0 ) - w , c;u,(i) — j Q2' 


(A.5) 


Note that the gauge transformations of the VEV fluctuations are non-local with this 
choice of splitting. The gauge invariant combinations are 

dtdi\ rfe 


A(i) - * 0 (T“)i 2 afol , 0 ( 1 ) - * 0 (T“) 22 afo) , <(?) - T 

The expressions of the VEVs in terms of the sources are then 


r]ti 




0 ( 0 ) • (A. 6 ) 


-^(1) — '^0(^“)i2afo) + f (9)^(0) + /“(0)«t(o) ' 

0 ( 1 ) = *0(^“)22afo) + 5'(0)0(o) + 5'“(0)oi(o) ) 

d? 


Ta 


all, = ( 1 + ^ ) «(o) + 


m 


+ k^{d)X,o) + l^{d)cl>^o) + fc“( 0 )*A;o) + r( 0)*0 


00 ) 


a _ a 3 fabS^t^u Lb . l b 

( 1 ) - ^ J “^®( 0 ) + ^ 


abf a-. Tb 


(A.7) 


where we have used the same letters for the unknown non-local functions, which however 


will be possibly different from the ones in (3.4). 
Eliminating all the VEVs, Aren then reads: 


Aren = - I d^x \ A^afA + A'^ai'A - 20(0(0) + 0 L) - 


(o)J 


V(o) 


+ 0?;S)fc“‘(S)<S) - Ay““(2a);;, + a, 


+ *0«fo') (7'“)2 iA(0) - (T“)i2A|o) + (T“)22(0(O) - 0(0)) 

~ + /(0)*)0(O) - 2^lo)i9{d) + 5'(A)*)0(o) 

1 


^Uirid) + ndT) + A(o)(r( 0 )* + k\d)) 


1 


2 r(o) 


010) ((^“(5) + ndT) + 0(0) (^“(0)* + nd)) 


®t( 0 ) 


®t( 0 ) 


The coupling of the sources to the currents is now 

^3 (^Ta jTa _ Ta jTa , „La^ Ta\ 
a X [Clt{0)^t ®u(0)'^u + i ) 


(A. 8 ) 


(A.9) 


IdAdS 
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The Ward identities are then directly derived as 


{d,Jt{x)jr{y)) = -I 


6^Sr, 


= - y) , 


{d,Jt{x)OM) = 




= -^{T^)2i5\x-y) , 


^5aJ,“(x)(5A(o)(2/) 

A 2 C 

{d,Jt{x)0^{y)) = ... = -^{T<^)225^x - y) , 


(A.IO) 

(A.ll) 

(A.12) 


AaJ,“(x)50(o)(|/) 

reproducing exactly the results of (3.15)-(3.18[). The other correlators are purely in terms 


of the non-local parts, for instance 


{Ji<^{x)0^{y)) =-i 


j^Taf ,,, TA = - y) (A.13) 


and similarly for the others. In the main text we have opted for the splitting (2.10) 


because it more directly reflects the loss of boost invariance, and it avoids the non-local 


expression in (A.6). 


B Correlators and Ward identities in a field theory 
model 


In this Appendix we discuss the field theory model of 11,12 which shares the same 


symmetries and pattern of symmetry breaking as the holographic model discussed in this 
note. In the weak coupling limit, we can compute the two-point correlators at tree level, 
verify once more the Ward identities but also extract the dispersion relations and the 
spectrum. 

The model consists in just a complex scalar doublet $ of a U{2) global symmetry, 
with a chemical potential y for the abelian U{1) current. The action is 

^ = j + . (B.l) 

The conserved currents are given by 

. (B.2) 

One can verify that they satisfy the U{2) current algebra, for any value of y (which is 
real). 
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When (i.e. always if < 0) the theory settles in a vacuum where the 

global symmetry is broken down to a U{1), for dehniteness we choose: 


$ = 


0 

V 


2 

v = 


2A 


(B.3) 


We can now consider the small fluctuations around the vacuum: 




(B.4) 


Expanding the action to quadratic order we obtain the following tree-level propagators: 

. i{uj^ - k‘^ - 2nuj) 

{au,k)^{ U, k)) ’ 

(^(w, -k)) = k)i^{-uj, -k)) = 0 , 

iw -k"^ - 2^iu - 2W) 

M<,,k)<pH-^,-k)) = . 

{(p{uj,k)(p{-uj,-k)) = {(p^{uj,k)(p^{-uj,-k)) = 


2iXv‘^ 




(B.5) 


with the dispersion relations 


a;|^ = k'^ + it 2/j .^/+ k‘^ , 

= e + ± V^(3p2 - M2)2 + 4p2A;2 ^ 


(B.6) 


which at small momenta k give 


a;^+ — 2p -I- ... , 
k^ 


U). 




= - 2 M 2 + .. 




p 2 -M 2 
3p2 - M 2 


A; + ... 


(B.7) 


We see that we have all the variety of massless and massive modes: a;<^_ for a type A 
Goldstone boson with c* < 1, for a type B Goldstone boson, a; 5 + for its massive 
partner and for a Higgs-like massive excitation. Furthermore, we can compute the 
VEV of the currents and hud, e.g., (Jf) = which correctly vanishes when p —)■ 0. 
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In the broken symmetry vacuum, the currents can also be expanded at the linear 
order: 

Ji = + (p^) , 

Ji = , 

Ji = + , 

J- = -J- ■ (B.8) 


It is then now straightforward to compute the correlators analogous to the ones in (3.8)- 


(3.14). 


Let us for instance compute one such set of correlators: 

/ tw m\ ^ t o ^ i{uj^-k^+ 2^iuj) 

{J, (c.. fc)5(-c.. -k)) = -.(c. - . 

/ tU i\tr 1 / i{uj^ - k'^+ 2^iuj) 

{Jui^,k)^{ u, k)) 2^^“(a;2-a;|J(a;2-a;|_) ’ 


(B.9) 


which are clearly non-local since they contain the poles for the type B Goldstone boson 
and its massive partner. However the combination 


iu(Jl(u, -k)) + ik„{Jl{u, k)^{-ui, -*:)) = - 


(B.IO) 


is constant, by virtue of a Ward identity similar to the one in (3.17), for the above 
correlator. 

All the other Ward identities can be similarly checked. In this weakly coupled model 
however, as we have seen, we have access also to the individual correlators and hence 
to the non-local parts that contain complete information on the spectrum and on the 
dispersion relations. 
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